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R, indicates that the centre of curvature has a
negative y,-coordinate.
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Calculation of the lon Optical Properties of Inhomogeneous Magnetic
Sector Fields

Part 3: Oblique Incidence and Exit at Curved Boundaries
By H. A. Tasman and A.J. H. Boersoom

F.O0.M.-Laboratorium voor Massaspectrografie. Amsterdam. Holland.

and H. WacusmuTtH

Physikalisches Institut der Technischen Hochschule, Miinchen
(Z. Naturforschg. 14 a, 822—827 [1959] : eingegangen am 11. Juni 1959)

In previous papers ! > we presented the radial second order imaging properties of inhomogeneous
magnetic sector fields with normal incidence and exit at plane boundaries. These fic!ds may provide
very high mass resolving power and mass dispersion without increase in radius or decrease of slit
widths. In the present paper the calculations are extended to include the effect of oblique incidence
and exit at curved boundaries. The influence of the fringing fields on axial focusing when the boun-
aries are oblique. is accounted for. It is shown that the second order angular abcrration may le
eliminated by appropriate curvature of the boundaries.

In previous papers (Tasman and Boersoom?;
Wacnsmurts, Boersoom and Tasman?) we calculated
the imaging properties of inhomogeneous magnetic
sector fields with normal incidence and exit of the
main path at plane boundaries. The median plane
was supposed to be a plane of symmetry for the
magnetic vector potential.

The present paper deals with the most general
case if the symmetry with respect to the median
plane is retained. i. e. that of curved oblique bound-
aries. The sector field approximation is retained,
i. e. the field strength is supposed to be independent
of the path coordinate within the field boundaries
where it falls off to zero abruptly. The field bound-
aries are assumed to consist of lines normal to the
median plane. The influence of the fringing fields
on axial focusing when the boundaries are oblique,
is accounted for.

The coordinate system is identical to that used in
the previous paper? (Fig. 1). Some of the relevant
parameters are shown in Fig. 2. The shape of the

1 H. A. Tasmax and A. J. H. BoerBoom, Z. Naturforschg. 14 a,
121 [1959].

2 H. Wacasmuth, A. J. H. BoerBoom and H. A. Tasman, Z. Na-
turforschg. 14 a, 818 [1959].

boundaries is defined by the projection on the
median plane (Fig. 3). The obliqueness at the en-
trance and exit of the main path is defined by the

Fig. 1.

angles ¢ and ¢’. These quantities are positive as
shown in Fig. 3. The radii of curvature of the
entrance and exit boundaries are R" and R”, which
quantities are chosen to be positive if the corres-
ponding boundary is convex towards field-free space.
In Fig. 3, both R and R” are positive.
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Fig. 3.

The rectilinear paths in the field-free object and
image space are supposed to coincide with the tan-
gents to the curved trajectories at the field bound-
aries. The effect of oblique and/or curved boundaries
follows from geometrical considerations. We calcu-
late the second order approximation of the ion tra-
jectories in the image space, related to focusing in
radial direction. Axial focusing was treated in first
order approximation in the preceeding papers! ?;
it remains unaffected by the curvature of boundaries,
but is altered by the axial lens action of the fringing
fields in case of oblique incidence and exit.

1. Oblique incidence

We will first treat the influence of plane oblique
boundaries. The projection on the median plane is
represented by Fig. 4.

If uy, @, vy, @, are the values of u, du/dw, v,
dv/dw respectively, at w=0 (boundary conditions,
see Fig. 1), and if f is related to the momentum-
to-charge ratio of the ion through:

823

m Mot (14 f) (1)

it has been derived in the previous papers, that the
radial second order approximation of the ion tra-
jectory within the field region may be represented
by:
u=u(w) =Dyug+Dya+Dy 4Dy uy®>+Dypuga
+Dgp 0% + Dygug f+ Dyg @ f + Dgg 57
+ D4y v9® + Dy vg 2, + Ds5 2% (2)
For the field shape specified by [23] — [27], [30]
—[32] * the quantities D;, D,, etc. are given by
[37] and {7} **.

In Fig. 4 the main path is OAE. OA=1[,"; MA
=ME =ry. If the trajectories in the field region
are measured in the coordinates u, v, w, (Fig. 1),
the origin may still be chosen. In Fig. 4, two such
coordinate systems are indicated, differing only in
origin. The first system, in which all trajectories
should finally be expressed, has its origin w=0 at
the point of entrance of the main path. The second,
rotated system, distinguished by a “~”, has w=0
at the point of entrance of some other path OB
under consideration. If BD | OA, and designating
BD/r,=p, we read from Fig. 4 the relations (omit-
ting terms of third and higher order, and writing
t =tan¢’):

’

A =arctan Pt = (p—p®) ¢+ ...,
et - (p—p?) ¢+ 3)

p=tanoy { (lm,/rm) +p t,} = am(lm’/rm)
0l frm) €+ coa. - (4)
* Numbers in square brackets [ ] refer to expressions in the

previous article 1.
** Numbers in braces { } refer to expressions in the article 2.
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and consequently:
Ay = {om (b [rm) — aw® (b /rm) 2} (5)
a2l frim) 62 Feas

Now BC =BD/cos 4;, and MC =ry,/cos 4,

thus @, (measured in the rotated system) equals:

= 2 o D ] g ) 6)

™ cos A

= amz(lm,/rm) t, + % am2 (lm,/rm)2 l,2+. i s

and

2 (measured in the rotated system) equals:
-71 == (am T Al) (1 iy 120)
= a“\ + 1“12 (llll’/r"]) + a]ll (llll,/rlll) t’ (7)
+ 11“2 (lm,/rm) l,z + EvyN &

H. A. TASMAN. A.J. H. BOERBOOM UND H. WACHSMUTH

The relations
Ay = Qo + Ay Jt:m(lm’/rm) A @ andss (8)
Vo= (lm’/rm) azm‘f‘a/"m+ (9)

are not effected by the oblique entrance in the ap-
proximation used. Substitution of (6), (7), (8),
and (9) into (2) vyields the radial second order
approximation in the rotated system. Substituting in
this expression:

(10)

w=w—A4,

and expanding in a TavLor series in 4, we obtain
the radial second order approximation measured in
the fixed coordinate system [with D; =dD;/dw]:

u=u(w) =[Dy+{Dy+Dy ¢} (In'[rm) ] am+ D3 B + [Dyo + {Dys+Dy+ (Dy+2Dyy—Dy') ¢
+ D, 12} (I [rm) + {Dy + (Dy3—Dy') ¢ + (3 Dy + Dyp— Dy') 12} (L' /) ?] om®

+ [Dyg+ {Dy3+ (D33 — DyY £} (' [rn) ] o B+ Dyg

(11)

as [D55+D45(lm’/rm) +D44(lm,/rm)2] Um® + [D45+2D44(1m//rm)] azm(a/rm) +Dyy (5/rm)2_

2. Oblique exit
The projection on the median plane is represented
by Fig. 5. Besides the fixed coordinate system z,, ¥,
(with its origin at the point of exit A of the main
path GAI, and with the z,-axis coinciding with the
main path in the image space), a second. rotated
coordinate system is indicated, distinguished by a

Koo

Fig. 5.

The line x~2 =0 of this second system includes the
point of exit of some other path DBLCI under con-
sideration. GM = AM = r,, . Writing U =DG/ry, , the
path DBCI is presented relative to the rotated sy-
stem by the equation:

~

(12)

§2=rm U—iztan 5.

Writing U™ = AB/ry,, the corresponding expression
relative to the fixed coordinate system is

Yo=rn U7 —2ytana™ .,

We will designate by U, U’, U”, the values of u,
du/dw, d*u/dw? respectively at w =W, irrespective
of the limitation of the deflecting field by the field
boundary. W is the sector angle (see Fig. 3).

We have:

U=U—U do+3U" 42 —... . (13)

Now MF =r,/cos 45; DE =DF cos 4,; DN=EA =
DE tan ¢, and consequently: (writing ¢’ =tan £”)

A, = arcsin(DN/DM)

U -2 -UU 230203 +..., (14)
U=U-UU{+.... (15)
We have
S TN NN TR ; 5 % 5 1 o o S
(16)
Now /\ DCG ~ /\ KCH, and thus
KH= rm(ﬁ—tan a tan /\,).
As /A KBH ~ /\ DBM, we may deduce:
Ut =AB/ro,=U+3U02¢2+.... (17)

From Fig. 5, we read:
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aF =3—N,=-U+UU+(-U+UU"+0? ¢
+UU2+302¢%+... . (18)

In (17) — (18), the expression U =u (W) according
to (11) should be substituted. It is then found that
the radial second order approximation of the path
in the image space may be written in the general
form:

Yo=rm \Myan+ My f+Myyan® + My an S+ My
+ Mg ap® + Mgy @y (8/7m) + My (6/rm) %}
+ 22 {Ny om + N3 f+ Nyj 0 + Nyp an f+ Ny 2
+ Nyg aum® + Ngg @ (8/rm) + Nya (8/rm) 2} .
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3. Curved boundaries

A discussion of the effect of curved boundaries
on the coefficients u;. v;. for a homogeneous mag-
netic sector field, was presented by Konic and Hix-
TENBERGER ®. The curvature changes only some of the
second order coefficients. The reasoning of Kénic
and HiNTENBERGER applies equally to inhomogeneous
magnetic sector fields. If u;. »; represent the co-
efficients in (20) — (21) for oblique incidence and
exit at curved boundaries with radii of curvature
R’ and R” (see Fig.3) and @;, »; are the corres-
ponding coefficients for normal incidence and exit

at plane boundaries, the relation between them ma
(19) p y
. be expressed from the above arguments by: (with
The coefficients M;, N;, may be written as: , o, .,
, { =tané'; ¢ =tane”; o' = . UL NRY g
My = g+ piay (b [rm) My = pza s ) ~ Belue i eule
Mll = WU11a + U11p (lm’/rm) + /.an(lm’/l'm) 2, Mia = /‘f]u s Mip = /u’_lb =t /uia i s .
M= pza+ iy (In'/rn) . M= —2ptgar (20)  Hza =foas  Mita=fluat3 fga® £,
i - ’ —_ _— _ ’7
M3 = pgza + gy (b [Tm) + psse (b’ /1) % Matb = fitn+ 2 flita ¥ + @1a 8% + iy 12t
M3y = p3sa + pagn (I [rm) . Myy= tggas + @2 8 12,
, Mte= fate+ (A —n figy) ¢
Ny =v» ) l 5 Ny =vy,, - - ’ = 7
N1 Ia‘*‘vll(ml/’,'m) ! 2// );a' (@112 — 5 flap) 2+ 3 a2 82
11="11a + V115 ( m,/rm) +711e (I /) *. g i € C2 4+ R 262072 4 o fisas (22)
Ni2 =v120 + V121 (I [Tm) » Nao =2, (21) e = = 3
Ng =30 + Vg (1 //r ) + g (1 ;/r )2 M12a = U122 + U1a H2a T 5 ) ,
sy T+ iy Mzt = flazy + (fl12a — f1a) & + fhan fl2a t®

’
N3y =v345 + v351 (I / Tm), Nyy=vy,.

The evaluation of the coefficients w;, v;, will be
postponed until after a discussion of the effect of
curved boundaries.

- - 44
Via =Via+ U1l

- - ’ - 7 — T J A
Vib =Vipb+Vial + Mpl +U1al T,

+ I[i’la. /ZZa t’ t”27
Moo = flasa + 5 flza2 12,
335 = 332 » M33b = U342 = 33 -
Usse =% Mggn = Masa = flzge 3

- —_ 4
V2a =V2a+ U2al »

Vita=P11a + (fBi1a — 1 f11a2) £ — fl1a P10 2 — 5 112873 + 07 flsa?

Vith =Vith +2 Pi1a b + (1o — 2 1 flag fign) & 4+ P12 82 + 2 (fig1a — 1 f11a2) ¢ 87 — (figa P1p + flin 71a) 73
— g iy 73— 2 figa V1l €%+ Gya 820 — 12 € 873+ 2 07 (g fian + @122 ) 5

Vite=P11e + (Pypn — 1 712) £+ (fn1e— 1 fiy?) £+ (Fr1a— 5 P10) 2+ (flaga— 1 i — 3 @A) £2¢7
+ (g — 2 1 i flgy — 1 figa) €87 — fign vint 2 — (f1a V1o + fian P1a) £ 62— % @2 073

1

— flta @l €% — fi1a V18202 — 5 112 0207 + 07 (A + 2 fa fin ¢+ 1122 02) + 0@ (Pra+ fiat”’), (23)
Visa="P12a + ({120 — 2 1 flga floa — fi1a) ¥ — (12 V20 + fliza 1a) €2 — flga floa ¥ 3 +2 0" gy fiza »
Vioh = Viop + (Pra — P1a) € + (fligy — 2 0 figy fiza — fay) ¢ — (fign Poa+ floa V1) €2+ (f12a — 2 1 flgg flza

=2 j11,) ¢t — gy fioa ¥ — (f1a V2o + faa P1a) ¥ €2 — figa flaa € 873 +2 07 (fAyy floa + fita float),

- - - — 4 — — ’7 1 g ’7 " -
V229 = V224 + (#223, —n ‘u:?a.2 - M?a) U — U2 V2a t z- 2 /"23.2 3+ 0 ,u2a2s

- Pl 44 -_— -— 4
V332 = V33a 1+ U33a l V33h = V34a = V33b + U33b L »

1 - -— r’
V33c =2 V34b = Vdada = V33c 1+ U33c L -

For reference, the coefficients i;, #;, for normal incidence and exit at plane boundaries are summarised

3 L. A.Ko~1c and H. HintesBERGER, Z. Naturforschg. 12a, 377 [1957].



826

below:
A1y = (1 —n) " PsinW*, @y, =cos W,
fia=3(1—n) 1 {(X=3) cos2 W* —
A =% —n) 12 {X sin W*
=HX(1 —cos ™)
fAza=2(1—n)

Gpn=3(1—n) 1 { —2(X —3) sin?
{2y = (1 —n)

fg3a= —1

{33y = {30 =5 (1 —=5n) "~

+ (X —3) sin? W*},

e

1 n—1/2(1

Vg =cos W*, 75,=— (1 —n)"2sin W*,
Via=5(1—
Py =3 X {2sin2 W* +cos W*—1}.

V= (1 =n)"? X {2sin W* cos ¥ +sin W*} ,

Piza=§(1—n) 71{

/_l:!u: (1_’”
(2X—3)cosW*+ X},
— (X —=3)sin W*cos W*},

TIR{2(X —-3) sinW* cos W*+ (X —3n+6)sin F*—
W*—-2X(1—cosW*) +3 (X —n) W*sin W*} ,
—n) 2{(X=3) sin? W*+4 X (1 —cos W*) —3(X —n) W*sin W*}
n'(1-5n)"1{(2n—X(1=n))cos2 W' —2n(1 -2X) cos W*
—n)" "2 (2n-X(1-n)){(1 —n
fsge =% =l =+(1-5n) " {(2n-X(1—-n))cos2W' -2(n—X(1—-3n)) cos 7*

V= (1 —n)
n)"R{_2XsinW*cos W*+ (2X—3) sinW*},

—4Xsin?W*+2X(1—cos W*) +3(X—n) W*sin W*} .
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(1 —cos WH).

3(X—n) W¥*cos W*}, (24)

+X(1—5n)},
) 2sin 2 T —2 n'Zsin W},
—X(1-5n)}.

“12sin P,

(25)

Fm,:%(l~n _""{—-l-XsmW cos W+ (X =3n+6)sinW*+3(X—n) W*cos W*} .

o= (1 —n) 32{2 X sin W* cos W* +

Vgga=13n (1 =5n)

(X+3n—-6)sinW*
“Hn®(2n-X(1—n))sin2 W'+ (1-n)"2n(2X - 1) sin P'*},

—3(X—n) W*cos W*},

Py =3 =(1—=5n) "1 (2n—X(1—=n))(cos2 W' —cos W™) .

_ = e £ ]
V33c = :}' 34h = Vyga =3(1 =5 n) {—

The axial component of the trajectory in the image
space is still given in first order by:

=rm{:3 1zm+24(6/rm)}+x2 {T3 azm+T4(6/rm)} .

(26)
S:l = 034 + O3 (lm,/rm) s S4 =04a3 (27)
T3=130+ T35 (I /Tm) » Ty=14; (28)

where the coefficients o;, 7; for normal incidence

and exit at plain or curved boundaries are equal to:

(with W =n2W)

031, = 04y = Ty = cos W',
— n'Zsin W,

O3 =n" P sin W,

(29)

T3 =Ty =

In case of oblique incidence and exit the stray fields
have to be taken into account (Herzoc*). They act
as thin lenses on the entrance and exit side with the
focal lengths f.i; and J.;; respectively, given by:

fs;, =ry cot &, fslt/r =rpcote”. (30)

4 R. F. K. Herzoc, Acta Phys., Austr. 4, 431 [1950—1951].

(2n—XQQ—n))nsin2W '+ (n -X(1-3n)) (1 —n)"?sinW*}.

(30) is valid independent of the shape of the fring-
ing fields provided that their extension is short com-
pared with fg, or f... Thus including the effect of
the fringing fields, the coefficients 0;, 7;., for oblique
incidence and exit at plain or curved boundaries are

given by: (with Wi =n'2W; { —=tan¢’; ¢ =tane”)
03, =n"2sin W't;

O3 = 0ga=cos Wi+n 12sin Wy,

T3a=cos Wi+n "sin Wi, (31)

Ty =Ty = —n'Psin W+ cos Wi +17)

+n sin Wit

For n=X =0 (homogeneous magnetic sector field)
the coefficients u;; v;; (24) — (25) become identical
to those presented by Kénie and HinteEnBERGER 3 for
this case.

4. Imaging properties of inhomogeneous magne-
tic sector fields with oblique incidence and exit
at curved boundaries

From the reasoning applied in our first paper?!
it follows, that first order directional focusing in
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radial direction occurs at the image distance: This may be expressed in the familiar form:
lm”= —T'nm /111//\/1 C (32) (lm/“g,) (lm”"g”) Zfz' (33)
g . g R _")i./‘zf,oj W* +sin W tan &” (34
where; rm (1—n) sin W*— (1—n)1/2 cos W* (tan ¢’ +tan ¢”) —sin W* tan ¢’ tan & Bk
8" _ (1—n)12 cos W* +sin W* tan ¢’ (35)
rm (1—n) sin W*— (1—n) V2 cos W* (tan ¢ +tan &) —sin W* tan " tan & )
P e - 1 . (36)
i (1—n)1/2sin W*—cos W*(tan &’ +tan &) — (1 —n) ~1/2sin W* tan ¢’ tan &’
First order directional focusing in axial direction This may be expressed in the form:
occurs at the axial image distance: s~ g B~} =12 (38)
bLm” = —rpn 25/T5. 37 . .
o n =3/Ts (7 Including the effect of the fringing fields the quan-
tities g.’, g.”’, and f, are given by:
g nl/2 cos W¥+sin W7 tan & (39)
rm nsin Wi—nl/2 cos W1 (tan ¢’ +tan &) —sin Wi tan ¢’ tan "’
& _ ~ n12cos Wi+sin 'Y tan & (40)
rm  nsin Wi—nl/2 cos W1 (tan ¢ +tan ¢”) —sin Wi tan ¢ tan "’
. JT— e > T T r— s (41)
Fin n1/2 gin Wt—cos Wt(tan &’ +tan &) —n—1/2sin W1 tan ¢ tan &”
In a symmetrical arrangement (where R'=R” =R; Ay ap2= ™ { cos W*+5 X+ cot®(W*/2) rm }
¢ =¢"=e; I, =1,") the radial object and image I—n {3 (1—cos W) (I—m)12 R

distance are equal to:

’ 14 'm
lm = lm

- (1—n)12tan (W*/2) —tan & (42)

The mass dispersion per unit dm/m, in the y,-direc-
tion for a monoenergetic ion beam, at the image
distance /,,” equals in a symmetrical arrangement
m

Dy = {1— (1 —n)—12cot(W*/2) tan ¢} (1—n) ~ (48)
The general formulae for the second order aberra-
tions [55], and {20} — {24} remain valid. Oblique
incidence and/or exit affects both the first order and
the second order focusing properties, whereas cur-
vature of the boundaries influences only the second
order properties. In particular, in a symmetrical
arrangement, the second order angular aberration
causes image broadening by the amount:

2
alll ®

(44}

Provided that cot(W*/2) +0, (or W*-~x1), the se-
cond order angular aberration can obviously by eli-
minated by a proper choice of r,/R .

The results of this work were obtained independently
in Amsterdam and Munich.

The authors wish to thank Prof. Dr. J. Kistemaker
and Prof. Dr. H. EwaLp respectively for their stimulat-
ing interest.

The work made in Amsterdam is part of the program
of research of the Stichting voor Fundamen-
teel Onderzoek der Materie, and was made
possible by financial support of the Nederlandse
Organisatie voor Zuiver Wetenschappe-
lijk Onderzoek. The work made in Munich was
made possible by financial support of the Bundesmini-
sterium fiir Atomkernenergic und Wasserwirtschaft in

Bad Godesberg.



